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1. Continuity

Let E ⊂ R. Let f : E → R and let x0 ∈ E. We say that f is continuous at
x0 if

∀ε > 0∃δ > 0 3 |x− x0| ⇒ |f(x)− f(x0)| < ε.

If f is continuous at every point in E, we say that f is continous (on E).
The following follows directly from previous definitions and results.

Proposition 1. Let E ⊂ R and let f : E → R with x0 ∈ E and x0 an accumu-
lation point of E. Then the following are equivalent:

(a) f is continuous at x0;
(b) f has a limit at x0 and limx→x0 f(x) = f(x0);
(c) For every sequence {xn}∞n=1 from E converging to x0, the sequence

{f(xn)}∞n=0 converges to f(x0).

Proposition 2. Let E ⊂ R. Let f : E → R and g : E → R. Let x0 ∈ E. If f
and g are continuous at x0, then so are f + g, fg, and f/g (if g(x0) 6= 0).

Proof. Combine Proposition 1 (c) with the limit laws for sequences. �

Proposition 3. Let D,E ⊂ R. Let f : D → E be continuous at x0 ∈ D and
g : E → R be continuous at y0 = f(x0) ∈ E. Then g ◦ f : D → R is continuous
at x0.

Proof. Let ε > 0. Since g is continuous at y0, there exists δ > 0 such that

|y − y0| < δ ⇒ |g(y)− g(y0)| < ε.

In particular, for y = f(x) for some x, we rewrite this as

|f(x)− f(x0)| < δ ⇒ |g(f(x))− g(f(x0))| < ε.

Since f is continuous at x0, there exists γ > 0 such that

|x− x0| < γ ⇒ |f(x)− f(x0)| < δ.

Then
|x− x0| < γ ⇒ |g(f(x))− g(f(x0))| < ε.

Thus g ◦ f is continuous at x0. �
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2. Continuous Preimage of Open Sets

Remark 1. Let E ⊂ R. Let f : E → R and let x0 ∈ E. Then f is continuous
at x0 if and only if We note that this is identical to the condition

∀ε > 0∃δ > 0 3 x ∈ (x0 − δ, x0 + δ) ⇒ f(x) ∈ (f(x0)− ε, f(x0) + ε).

Comment. This is simply a rewording of the definition. �

The next proposition implies that the continuous preimage of an open set is
open.

Proposition 4. Let U ⊂ R be open and let f : U → R. Then f is continuous
on U if and only if for every open set V ⊂ R, the set f−1(V ) is open.

Proof. We prove both directions.
(⇒) Suppose that f is continuous on U . Let V ⊂ R be open. If f−1(V ) = ∅

it is open, so assume that f−1(V ) 6= ∅, and let x0 ∈ f−1(V ). We wish to show
that a neighborhood of x0 is contained in V .

Now f(x0) ∈ V . Since V is open, there exists ε > 0 such that (f(x0) −
ε, f(x0) + ε) ⊂ V . Since f is continuous, there exists δ > 0 such that if x ∈
(x0−δ, x0+δ), then f(x) ∈ (f(x0)−ε, f(x0)+ε) ⊂ V . So (x0−δ, x0+δ) ⊂ f−1(V ).
This shows that f−1(V ) is open.

(⇐) Suppose that, for every open set V ⊂ R, the set f−1(V ) is open. Let
x0 ∈ U and let ε > 0. Let V = (f(x0) − ε, f(x0) + ε); this is an open set, so
U = f−1(V ) is open, and x0 ∈ U , there exists δ > 0 such that (x0−δ, x0+δ) ⊂ U .
Then f((x0 − δ, x0 + δ)) ⊂ f(U) ⊂ V . Therefore |x − x0| < δ implies that
|f(x)− f(x0)| < ε, which shows that f is continuous at x0. �

Department of Mathematics and CSCI, Southern Arkansas University

E-mail address: plbailey@saumag.edu


